We consider the touchdown of an elastic sheet as it adheres to a wall, which has a dynamics that is limited by the viscous resistance provided by the squeeze flow of the intervening liquid trapped between the two solid surfaces. The dynamics of the sheet is described mathematically by elastohydrodynamic lubrication theory, coupling the elastic deformation of the sheet, the microscopic van der Waals adhesion and the viscous thin film flow. We use a combination of numerical simulations of the governing partial differential equation and a scaling analysis to describe the self-similar solution of the touchdown of the sheet as it approaches the wall. An analysis of the equation satisfied by the similarity variables in the vicinity of the touchdown event shows that an entire sequence of solutions are allowed. However, a comparison of these shows that only the fundamental similarity solution is observed in the time-dependent numerical simulations, consistent with the fact that it alone is stable. Our analysis generalizes similar approaches for rupture in capillary thin film hydrodynamics and suggests experimentally verifiable predictions for a new class of singular flows linking elasticity, hydrodynamics and adhesion.
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The mathematical description of fluid flow 1 often leads to diverging velocity gradients in bulk flows or geometric singularities in free surface flows [2] [3] [4] , with implications for many applications such as microfluidics, coating, food processing etc. Here, we describe the elastohydrodynamic thin film flow associated with van der Waals-driven touch-down between an elastic sheet and a solid substrate, which is inspired by the rupture of capillary thin fluid films on substrates 5-14 that reveal a finite-time singularity 9,10 . Our analysis focuses on small scale flows wherein inertial effects from both the fluid and the sheet may be neglected. Furthermore, we consider the touchdown of a long and wide elastic sheet with a length L, which is initially separated from a solid substrate by a thin viscous fluid film of heightĥ(x,t). The sheet is destabilized and attracted to the substrate by a van der Waals adhesion potential (Fig. 1a) . Mechanical equilibrium requires that it the shape of the sheet is determined by the equation for the pressure 15p (x,t)
where Bĥxxxx(x,t) is the elastic bending pressure due to long wavelength deformations of the sheet with bending stiffness B [N·m], and
is the van der Waal adhesion pressure 16 with A [N·m] the Hamaker constant. Here, and elsewhere, the subscript denotes derivative i.e. (·)x = ∂(·)/∂x. Furthermore, we have assumed that the fluid film is very thin, so that its thicknessĥ(x,t)/L 1 and that it has a small slopê hx(x,t) 1, and finally that there are no inertial effects associated with the motion of the elastic sheet. As the sheet approaches the substrate the intervening fluid is squeezed out, leading to non-uniform deformations of the sheet. In the small gap approximation, viscous forces dominate over inertial effects, so that we may use to the lubrication approximation for the description of the fluid motion 1 that yields an evolution equation for the film heightĥ(x,t) 1 given bŷ
µ is the fluid viscosity and we have assumed that there is no-slip of the fluid at both surfaces. Using (1), we find that the resulting sixth order nonlinear partial differential equation (2) couples the dynamics of the elastic sheet, the viscous forces in the lubricating film and the destabilizing intermolecular adhesion pressure. We scale the variables appearing in (2) as;
is a viscous time scale, and introducing these scaled variables into (2) gives us the parameter free dimensionless elastohydrodynamic lubrication equation,
To complete the formulation of this initial value problem, we complement (3) by an initial condition h 0 = h(x, t = 0) = 1 − 0.05 × (1 + cos(x)) corresponding to a film with a constant height that has a small blip at x = 0, and six boundary conditions at the ends. Since the dynamics of interest in the touchdown region is far from the boundary, we use symmetry conditions at the two ends of the sheet, resulting in vanishing derivatives 9 i.e. h x = h xx = h xxx = 0. Note that these boundary conditions does not affect the dynamics near the touchdown at x = x C , t → t C .
Before solving (3) numerically it is of interest to briefly consider the dispersion relation of the linearized version of (3). Substituting h(x, t) = 1 + exp(λt + ikx) with 1 in (3) with k the wave number, λ the growth rate, we find that λ = k 2 (1 − k 4 ). Thus, we see that the elastic thin film is only unstable for long wavelength perturbations k < 1, similar to what is known in capillary dominated flows. This suggests that when we solve (3) numerically a minimal domain size x ≥ 2π/k c is required, with k c = 1 the critical wave number.
We solve (3) using a second order finite difference discretization in space and a Gear method 18 for the time stepping. In Fig. 1a we plot the evolution of the shape of the sheet and see that the solution appears to adopt a self-similar shape in the neighborhood of the touchdown point x = x C = 0, t = t C , where the contact time t C is defined as the last time point before h ≤ 0, just before the numerics breaks down.
Inspired by the self-similar shape of the sheet as h → 0 in the neighborhood of x = x C , t = t C , we look for a self-similar solution of (3) to understand the scaling behavior of the sheet in the immediate vicinity of touchdown. Adopting the similarity ansatz
with H(η) the scaled height, η the similarity variable, and inserting (4) into (3) gives
with H (η) ≡ ∂H(η)/∂η. Equating the exponents appearing on both sides of the equation, we find that α − 1 = 4α − 6β, α − 1 = −2β so that α = β = 1/3 and are the same in axial symmetry 17 . Inserting this result in (5) we find that the similarity variable H(η) satisfies the ordinary differential equation
To test the postulated self-similar scaling ansatz (4) with α = β = 1/3, we re-plot the results obtained by solving the partial differential equation (3) in Fig. 1a by rescaling h(x, t) using the ansatz above. In  Fig. 1b , we see that the solution of (3) converges rapidly to a self-similar form H(η) over many orders of magnitude in η, confirming the validity of our similarity hypothesis.
The collapse of the time-dependent numerical results from (3) by using the similarity transform in (4) shows the self-similar shape of the sheet. Since this solution is also described by (6), a natural question is if we can solve this equation directly and determine the self-similar shape associated with the touchdown event. This requires that we supplement (6) with a set of boundary conditions. Noting that the numerical solution of (3) in Fig. 1a is symmetric around the contact point η = 0 suggests that odd derivatives of the solution vanish, i.e. H (0) = H (0) = H (0) = 0. Furthermore, since the sheet height changes rapidly near the contact point i.e. x = x C , t → t C , the far-field is quasi-static by comparison i.e. h t ≈ 0 9,10 . Thus, we expect that the far-field solution is independent of the evolution of the singularity as t → t C . This translates into a far-field Robin boundary condition that in similarity variables reads as (c) The rescaled height H(η) obtained by solving the PDE (3) and the similarity ODE (6-7) (with m = 1) shows that the height profiles adopt a shape H(η) = a1η as | η |→ ∞ (•). The shaded area η ≤ 1 illustrates the inner region near the contact point where the shape of the sheet arises from the balance between viscous forces, van der Waals adhesion pressure and elastic bending resistance.
We immediately see that the far-field solution is satisfied by H(η) = aη + C as | η |→ ∞, and the integration constant C = 0 for consistency. Plotting the results of the numerical solution of (3) shown in Fig. 1a in terms of the rescaled height H(η) as t → t C in logarithmic coordinates (Fig. 1c) confirms that H(η) ≈ η over a wide range of η, so that the constant a is then interpreted as an asymptotic matching condition for the far-field associated with (6), requiring us to prescribe an additional boundary condition. Since H(η) ∼ aη as η → ∞, this leads to the following boundary conditions at infinity; H (∞) = a, H (∞) = H (∞) = H (∞) = 0, which together with the symmetry conditions at η = 0 complete the formulation of the boundary value problem for H(η) that satisfies (6) .
We solve the self-similar ODE (6-7) with the finite-difference-based boundary value solver BVP4C in Matlab 19 on a finite size domain η = 50, with the boundary conditions; H (0) = H (0) = H (0) = H (50) = H (50) = H (50) = 0, H (50) = a, noting that our results are insensitive to changes in the domain size. We find that we get a discrete family of solutions for (6-7) similar to those seen in the problem of capillary rupture 8 . The subscript m is used to distinguish the different discrete solutions of H(η)and a with
The numerical procedure starts with an initial guess for the height at contact H 0 (0), together with a guess of the initial solution H 0 (η) = H 0 (0) + a 0 η. We systematically vary the initial guesses H 0 (0) and a 0 , allowing us to identify the first thirteen solutions m = 1, 2, ..., 13 for H m (η) satisfying (6-7), see Fig. 2a .
Comparison of these solutions of ODE (6-7) with the solution of the time-dependent partial differential equation (3) shows that only the fundamental solution associated with m = 1 agrees with the PDE in (3), as shown in Fig. 2a .
To understand why only the fundamental solution m = 1 is consistent with the time-dependent solution of (3) we qualitatively evaluate the stability of these self-similar solutions, using H m (η) as the initial condition for the time dependent PDE (3). In Fig. 2b , we show the result of our simulation of (3) (4) shows that the solution converges to that associated with the shape of the fundamental solutions m = 1 in the vicinity of touchdown (Fig. 2c) . While a detailed stability analysis of the problem is necessary to classify the different unstable modes, we postpone this to the future and instead give a simple heuristic explanation next.
Starting with the different discrete solutions of the similarity equation H m (η), we see that for m > 1 there are small pressure oscillations that are defined by the bending pressure H m (η) in the neighborhood of η = 0. As m increases a m decreases and there is a subsequent flattening of the film (Table 1, Fig. 2a ). The number of maxima/minima increase linearly with m as can be seen in Fig. 2d . Since these correspond to short wavelength modes of the sheet, they are damped out much more strongly than the longest wavelength mode corresponding to H 1 (η) which is balanced by the van der Waals adhesion pressure H −3 (η) and the viscous stress, and this self-similar solution is the only dynamically stable one that survives.
We conclude with a few remarks on the approximations inherent in our approach. As the minimal height becomes comparable to the molecular dimension ≈ 2.5Å, the continuum description that we have used breaks down. Our simulations show that the self-similar shape is adopted already at h(x, t) ≈ 0.3 ( Fig. 1b) and choosing a typical value for the initial heightĥ 0 = 300nm gives a height ≈ 100nm which is far from this molecular height and within experimental realm using total internal reflection microscopy imaging. During touchdown, the minimal height h min (t) and the horizontal deformation length (t) = h min (t)(B/A) Lµ ∼ (t C − t)
is also singular as t → t C . By assuming Re ≈ O(1), we get a scaling estimate for the height at which inertia becomes significantĥ I ∼ Our analysis reveal a new class of singular flows linking elasticity, hydrodynamics and adhesion, relevant to contact between a thin elastic sheet and an adherent surface. A combination of numerical simulations and similarity analysis shows that the dynamic height and horizontal deformation of the sheet in the process of contact show a power-law form. Analysis of the governing equations in similarity coordinates further allows us to determine the universal self-similar shape of the elastic sheet in the neighborhood of touchdown. A qualitative analysis of the discrete set of self-similar film shapes that satisfy the similarity ODE shows that the solution with the least oscillatory bending pressure is the one that is consistent with the time-dependent numerical simulation, while others with short-wavelength pressure oscillations are strongly damped. A with xC = 1.48 corresponding to the contact on the right side, we see that the shapes of the sheet obtained in Fig. 2a collapse onto the universal shape of the fundamental solution of (6-7) H1(η) (shown in red). The deviations away from the contact point are due to the effects of the second touchdown at xc = −1.48. (d) To distinguish the different discrete solutions Hm(η) satisfying (6-7) we plot the scaled bending pressure H m (η), and see that the number of maxima/minima scales with m. Thus, for m > 1, the wavelength of the pressure oscillations decreases as m increases; these solutions are therefore strongly damped out in comparison with the fundamental solution of H1(η) (6-7), which alone survives as we approach touchdown. natural next step is to experimentally test the regime of applicability of our results.
